BACKWARD PROPAGATION OF CHAOS

MATHIEU LAURIERE & LUDOVIC TANGPI

ABSTRACT. This paper develops a theory of propagation of chaos for a system of weakly interacting
particles whose terminal configuration is fixed as opposed to the initial configuration as customary. Such
systems are modeled by backward stochastic differential equations. Under standard assumptions on the
coefficients of the equations, we prove propagation of chaos results and quantitative estimates on the
rate of convergence in Wasserstein distance of the empirical measure of the interacting system to the
law of a McKean-Vlasov type equation. These results are accompanied by non-asymptotic concentration
inequalities. As an application, we derive rate of convergence results for solutions of second order
semilinear partial differential equations to the solution of a partial differential written on an infinite
dimensional space.

1. INTRODUCTION

The theory of propagation of chaos takes its origin in the work of M. Kac [32] whose initial aim was to
investigate particle system approximations of some nonlocal partial differential equations (PDE) arising
in thermodynamics. The intuitive idea is the following: Consider a large number n of (random) particles
starting from n given independent and identically distributed random variables and whose respective
dynamics interact. Because there is no deterministic pattern for the starting position of the particles,
one says that the initial configuration is chaotic. Kac’s insight was that if the interaction between
the particles is “sufficiently weak” and the particles are “symmetric”, then as the size of the system
increases, there is less and less interaction and in the limit the particles “become independent”. That
is, the initial chaotic configuration propagates over time. This intuition was put into firm mathematical
ground notably by McKean [39], Sznitman [44] and Gértner [2I] and has generated a rich literature
with a variety of fundamental applications. We refer for instance to [38} 34} [5; 143} 29; 3T} B0] for a few
recent developments and applications. In particular, the theory of propagation of chaos has undoubtedly
motivated (and benefited from) the more recent and very active theory of mean-field games introduced
by Lasry and Lions [36] and Huang et al. [26].

The basic question motivating the present work is to ask whether Kac’s intuition carries over to
systems of particles with chaotic terminal configurations. There are numerous such examples, for
instance in quantitative finance where different parties independently set investment goals which need
to be met at a prescribed future date, but with inter-temporal trading decisions that are correlated.
More precisely, we ask whether a chaotic terminal configuration will propagate to past configurations as
the size of the system becomes large. As mentioned above, an important application at the origin of the
theory of propagation of chaos is the particle system approximation of some nonlocal PDEs. We also
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analyze such an application in the present setting and use the backward propagation of chaos viewpoint
to derive a particle system approximation of a semilinear PDE written on an infinite dimensional
space (akin to the master equation in the theory of mean-field games). The interest here lies in the
fact that, being written on a finite dimensional space, the approximating PDEs are much easier to
handle analytically. For instance, well-developed theories of weak solutions and interior estimates for
the gradients are available for such equations. The main idea leading to this approximation result is
the probabilistic representation of solutions of some parabolic PDEs, especially due to Chassagneux
et al. [I6], which allows us to transform the problem of approximating PDE solutions into a purely
probabilistic question.

In the present paper, we model backward particles by solutions of backward stochastic differential
equations (BSDEs) as introduced by Pardoux and Peng [41]. The interaction is through the empirical
distribution of the system. In the main contributions of the paper we derive various convergence results
of the n-particle system to solutions of McKean-Vlasov BSDEs under classical Lipschitz continuity
conditions on the generator and integrability conditions on the terminal value. The focus is put on
deriving explicit, non-asymptotic convergence rates for the empirical measure as well as the processes.
We strengthen our convergence results by deriving concentration inequalities, some of which dimension-
free. All our results are gathered in the next section. The main result relies on an adaptation of the
coupling technique of Sznitman [44] and BSDE estimates on the one hand, and arguments from the
theory of measure concentration on the other hand, notably results from Bartl and Tangpi [3].

To the best of our knowledge, only the papers of Buckdahn et al. [7] and Hu et al. [25] touch upon
limit results for interacting backward particles. Both papers consider a particular type of interaction,
see Remark @] and Example (13| for details. In [7], a convergence rate for the interacting processes to the
McKean-Vlasov equation is derived; we recover their result by a different argument based on functional
inequalities for BSDEs. In [25] (where the term “backward propagation of chaos” is first coined) a
convergence result for the empirical measure of the interacting particles is obtained. However, nothing
is said concerning the rate of convergence. Another somewhat related article is the work by Briand
et al. [6] on the approximation of BSDEs with normal constraints in law.

The ideas and results of the present paper are also connected to the theory of mean field games,
which has recently attracted a surge of interest. In fact, BSDEs of mean-field type arise naturally in
optimality conditions for mean field games (MFG) with interactions through the controls, which are
sometimes referred to as “extended MFG” or “MFG of controls” and have been introduced by Gomes
et al. [22]. Such models are particularly relevant in economics and finance, cf. e.g. Chan and Sircar
[15]; Cardaliaguet and Lehalle [I0]. The connection with mean-field BSDEs stems from Pontryagin’s
maximum principle and has been stressed by Carmona and Delarue [12), Section 4.7.1] and more recently
by Acciaio et al. [I]. A more extensive discussion on the applications of our results to large population
games and mean-field games will be considered elsewhere.

Concerning the approximation problem of PDEs on the Wasserstein space by PDEs on finite dimen-
sional Euclidean spaces, let us mention that a similar question was first analyzed by Cardaliaguet et al.
[11] (see also Lasry and Lions [35]; Cardaliaguet [8]) based on PDE estimations they derive for the finite
dimensional system. Their results concern the quasilinear form of the master equation. Our contribu-
tion here is mainly methodological, as we obtain a convergence result by purely probabilistic techniques.
However, our setting also differs from that of [I1% 8] in a number of ways, the most important difference
being the type of nonlinearities in the measure argument that we consider.

In the rest of the paper, we dedicate Section [2| to the presentation of the precise setting of the work
and its main results. The proofs are postponed to Section
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2. SETTING AND MAIN RESULTS

2.1. Setting and Notation. Let d,m € N be fixed. Unless otherwise specified, R?, R™ and R*™ are
endowed with the Euclidean norm denoted by | - | in all cases. Let us denote by © := C([0, 7], R?) the
space of continuous functions from [0, 7] to R%, by P the Wiener measure on Q and by W the canonical
process given by Wy(w) = w(t). As usual, equalities and inequalities between random variables will be
understood to hold up to null sets of the Wiener measure. It is well-known that W is a P-Brownian
motion. Let W1, ..., W" be n independent copies of W and denote by F" := (F{)iefo,r) the completion
of the raw filtration of W, ..., W". Let us equip 2 with the filtration 7. We will always use the
identification
W=Ww!' and F=F"
Given a vector x := (z1,...,2,) € (R™)", denote by

1 n
L"(x) := - Z Oz,
k=1

the empirical measure associated to . Then, L"(x) € P,(R™), the set of probability measures on R™
with finite p'” moment. Let us be given a function F : [0,T] x Q x R™ x R™*? x Py(R™) — R™, and
a family of Fr-measurable i.i.d. random variables G',...,G™. We are interested in the asymptotic
behavior (as n becomes large) of a family of weakly interacting processes (Y17 ... Y™") evolving
backward in time and given by

(1) Y= Gl +/ F,(Yin, Zbn [M(Y,)) du — Z/ ZEEngqwk i =1,...,n,
t k=1 t

where we used the notation Y := (Y17 ... Y™"). Here as well as in the remainder of the article, we
assume that for every (y, z, ) € R™ x R™*? x Py(R™) the stochastic process F(-,-,y,z,u) : (t,w)
F(t,w,y, z, n) is progressively measurable. In analogy to weakly interacting particles evolving forward
in time, in the limit, the above family will be intrinsically linked to the so-called McKean-Vlasov BSDE

T T
2) V=G [ RLZL LY du [ Ziaw
t t

Hereby (and henceforth) £(X) denotes the law of the random variable X with respect to the probability
measure P. Since under our assumptions on F' and G* the processes (Y?); will be i.i.d., we will often
omit the superscript i and simply write £(Y) for the law of Y.

We equip the space Pp(R™) with the p™ order Wasserstein distance denoted by W, and defined as

1/p
Wy(p,v) = inf{/ \x—y\pdﬂ}
R™ xR™

where the infimum is over probability measures m on R" x R™ with first and second marginals p and
v, respectively. Given p € [1,2], we will often consider the condition

(Lipp) The function F' is Lp-Lipschitz continuous and of linear growth in the sense that there is a
constant Ly > 0 such that,

\Fy(y, 2z, 1) — Fr(y', 2, 1) < Le (ly = | + |2 = 2’| + Wy(p, 1))
and

1/p
Rzl < Lo (4ol 12+ ([ e an)™)
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for all t € [0,T], y,y/ € R™, 2,2 € R™*4 and p, i’ € Pp(R™).

Remark 1. Note at once that under condition (Lip,), and if G' has a finite second moment, i.e.
E[|G%?] < oo, then the equations and admit unique, square integrable solutions. See the beginning
of Section[3 for details.

Throughout, we denote by Y the value process of the solution of and by Y that of , say with
i=1.

Having made precise the probabilistic setting governing the paper, let us now presents its main
results. Most of them pertain to the limiting behavior of Y»". As explained in the introduction, we also
deduce approximation of parabolic PDEs on the Wasserstein space. The focus is put on quantitative
(i.e. non-asymptotic) estimations of convergence rates. All proofs are postponed to Section

2.2. Convergence of empirical distributions. We start by showing that the empirical distribution
L™(Y;) of the system converges to the law £(Y;) of the McKean-Vlasov BSDE.

Theorem 2. Let p € [1,2]. Assume that E[|G'|¥] < oo for some k such that k > p and k > 2, and that
F satisfies (Lipp). Then it holds that

3) E WI(L" (Y0, L0R)] £ Cramaps  VE€ [0,7),
with
n=1/2 4 n-(a-p/a, if p>m/2 and q # 2p
(4) Tnmagp = s n Y2log(14n) +n=@ P/ ifp=m/2 and q # 2p
n~P/m 4 p=ap/a, if p€ (0,m/2) and q # d/(m — p)

for all p < q < k, and for some constant C depending on T, m,Lg,p,k and E[]Gz|k]

It is well-known that the Wasserstein topology is much stronger than the weak topology. Thus,
Theorem [2| shows, in particular, that the sequence of (random) measures (L"(Y¢)), converges to the
(deterministic) measure £(Y;) in the weak topology. This can be seen as a type of quantitative law
of large numbers. As a direct application we obtain the following strong law of large numbers for the
sequence Y™,

Corollary 3. Let p € [1,2). Assume that E[|G'|?] < co and that F satisfies (Lip,). Then we have the
LY(Q, P)-limit
. 1 - i\n
7}1_{{.10 - z;Y; = E[Yy] for every t.
1=

Proof. By the Kantorovich-Rubinstein duality, we have

E [| F)d LM (Vo)) -
Rm

for some p < ¢ < 2 and for every 1-Lipschitz function f : R™ — R. In particular, taking f(z) = z yields
the result. 0O

[ H) AW < B (YD), LD < Crma

Remark 4. Under a stronger integrability condition, namely that E[|G**] < oo for some k > m + 5,
the argument of the above theorem allows to obtain the bound

(5) E [WR(L™M(Yy), L(Y)] < Cn 7P/ for all (t,n) € [0,T] x N
for some constant C' depending only on T,m, Lr,G and E[|G!|¥].
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The estimates and are uniform in time in the sense that the convergence rate is time-
independent, but the supremum (in ¢) can be taken only outside the expectation on the left hand
side. A stronger uniform estimate can be obtained at the cost of also stronger integrability conditions
and a worse convergence rate.

Proposition 5. Assume that E[|G!|¥] < oo for some k > m + 5, and that F satisfies (Lip,) for some
p € [1,2]. Further assume that the solution (Y, Z) of is such that supyco ) E[|Z;|**] < 0o. Then it
holds

(6) E| sup WE(L™(Yy), c(yt))} < Cn P/ foralin eN, and p € [1,2]
te(0,7)

for some constant C depending on T, Lr, k, E[|G*|*] and SUD4[0,7] E[|Z;]?%].

Remark 6. The assumption sup, E[|Z;|?*] < oo is by no means a restrictive one, since it has been
shown to hold in many classical cases. For instance, when G* = G(Wfp) for a bounded and Lipschitz
continuous function G, and Fy(-, -, p) is differentiable for all (t, p), then it holds E[sup;cjo 1y | Z4]%%] < o0
for all k > 1, see [28, Theorem 5.3]. Alternatively, under conditions on the Malliavin differentiability
of G and F, it can be shown that Z is even bounded, see [17;[33] for details. The results of these papers
apply for instance when G is Lipschitz continuous on the path space equipped with the supremum norm
and F' is determanistic. In this case, the integrability condition on G also follows.

2.3. Concentration estimates. Given two probability measures @)1 and Q2 on €, let us denote the
p' order Wasserstein distance on 2 equipped with the supremum norm by

1/p
WP,H'Hoo(Ql? QQ) ;= inf {/ﬂ sup ]wl (t) — (,UQ(t) ’p dﬂ'(wl,WQ)}

x te[0,T]

where the infimum is over probability measures m on  x 2 with first and second marginals )1 and
@2, respectively. The following result gives concentration estimates for the interacting family Y. We
consider concentration for the time ¢ marginal as well as for the law of the entire process.

Theorem 7. Let p € [1,2]. Assume that E[|G'|*] < oo for some k > 2p, and that F satisfies (Lip,).
Then it holds that, for all € € (0,00) and epr := ¢/ exp(TerrT),

(7) P (WP(LH(Yt)v E(Y;ﬁ» > 5) < C(anﬁF,Tl{sp,Tgl} + bn,k,EF,T)

with by, . :=n(ne)~*=0/P qnd

exp(—cne?), if p>m/2
ane = ¢ exp(—cn(e/log(2 + 1/x))?), if p=m/2
exp(—cne™/P), if p € (0,m/2)

for three positive constants 6 € (0, k), C and ¢ depending on p,m,k, T', Lr and E[|Gi|%].
Moreover, if the functions Fy and G* are also Lipschitz continuous as functions on (.| - ||), that
18,
[Fo(w.y, 2, 10) = B,y 2" 1) < Lr (lo = o'l + 1y =y + 2 = 2| + Wy(p, 1))
and |G (w) — GH(W')| < Lal|lw — &'||os
then it holds that
2
®) P ([Waj o (LX) £(Y)) = By (L (Y), LY ))]| = ) < 2670
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for a constant C' depending only on Lp, Lg and T.
If in addition F' does not depend on z, then there is ng € N such that for all n > ng we have

n — 2n
(9) P (Wa 1 (L"(Y), (V) 2 ¢) < e
for some constant C' depending on T, Lr, Lg, m and k.

The proof of Theorem m relies on quadratic transportation inequalities for BSDEs investigated in [3]
and on standard results from the theory of concentration of measure, see Section |3.2]

2.4. Interacting particles approximation of McKean-Vlasov BSDE. This section is concerned
with convergence of the sequence of stochastic processes (Y™, Z%™) to the solutions of the McKean-
Vlasov equation. These results will easily yield quantitative propagation of chaos results and have
interesting applications in terms of PDEs.

Theorem 8. Assume that E[|G'|¥] < co for some k > 2, and that F satisfies (Lip,). Then it holds
that

(10)  E|sup [V;"" =V

T
+FE [/ \ZPY — ZH2dt| < Cromge  for all (t,n) € [0,T] x N
t€[0,T] 0

for all q € (2,k) and for some constant C depending on T,m, Lp, Le: and E[|Y,}*] and 1y m 42 is defined
by .

Remark 9. The above result shows that in general, the sequences (Y*") and (Z%*") converge at the
same rate as L™(Y}). In the special case of particles in “linear” interaction, such a convergence result

has been analyzed in [7]. More precisely, [7] considers the case when Y = (Y5 ..., Y"™") solves the
system
4 . T & . . . T
(11) Y= G+ / = R Y ZE) du — / Z5" AW,
t N t
7j=1
where W is a given Brownian motion, and (G',... G™) are functions of the terminal values of a system

of interacting (forward) particles. In this case, the rate of convergence of the n-particle system to the
McKean-Vlasov equation can be improved and does not depend on the dimension. Interestingly, we can
slightly generalize the result of [1] using different arguments. We consider the system

. . T
(12) Y;z,n -Gt +/ F, (an Zz,z,n qu an Y]n Zzn du — / Zzz,],n dWJ
t

that often appears in applications, see e.q. [27; [{; [T4)] for linear-quadratic mean-field models and [25]
for a contract theory problem. We obtain the usually optimal rate 1/\/n for this more general system.

In fact, consider the McKean-Vlasov equation

T
(13) Y =Gt / (vizi [ niwZ)achw) o [ ziaw;
t t

and the following Lipschitz continuity and linear growth conditions
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(Lip) The functions F : [0,T] x @ x R™ x R™*¢ x R™ — R™ and f : [0,T] x R™ x R™ x R™*4 —
R™ are respectively Lp-Lipschitz and L ;-Lipschitz continuous and of linear growth in (y, z,a)
and (y1,y2, z) uniformly with respect to (t,w) and ¢ respectively. That is, there are constants
Lp, Ly > 0 such that

|Fi(w,y,2,a) = By, 2, )| < Lp (Jw = olloo + |y =y + |2 = 2| +]a = d])
[Fi(y,z,a)| < Lp (14 |yl + |2 + |a])
and
| fe(yr, 2, 2) = fe(Wh,y2: 20 < Ly (Jyn = il + ly2 — wa| + 12 = 2'])
[fe(y,y1,2)] < Ly (L4 |yl + [y1] + |2])
for all t € [0,7T], a,d’,y, v, y1, Y2, ¥}, ¥y € R™, 2,2/ € R™*4,
Remark 10. Note that under (Lip), if G* has a second moment, then both equations and
admits unique, square integrable solutions.

Proposition 11. Assume that E[|G'[?] < oo and is Lipschitz continuous with respect to the uniform
norm on 2, and that the functions F and f satisfy (Lip). The respective solutions (Y™, Z»7™) and

(Y",Zi) of the equations and satisfy
T

(14) E [|Ytl’" - Ytﬂ Vv E [/ 1z — Z1)? dt] <Cn~' for all (t,n) € [0,T] x N
0

for some constant C' depending only on T, Lp, Ly and Lg.

Direct consequences of Theorem [§| and Proposition [11] are the following quantitative propagations of
chaos.

Corollary 12. Put 08" := Law(Y"",...,Y*") and let L(Y)®F be the k-fold product of the law L(Y')
of Y1, solution of the McKean-Vlasov BSDE . If (Y& Z99m) and (Y, Z%) solve and respec-
tively, then under the conditions of Theorem[d, we have, for alln € N and all k < n, that
(15) W%:H'lloo(ﬁk(ylﬂ)’ L(Y) < Crnmgp
W, 0k, L(Y)OR) < kCrpm gp

for some constant C depending on T, Ly, Lg and m.

If (Yin, Z59m) and (Y, Z¢) solve and respectively, then under the conditions of Proposition
we have, for all (t,n) € [0,T] x N and all k < n, that

{W%w(nl’"),ﬁ(y;l» < on!

SIRIES

16
(16) W2OF", L(Y,)®F) < kCn~!

for some constant C' depending on T, Lp, Lg, Ly and m.
Proof. Since L(Y,!) = L(Y})), it follows by definition that

sup [Y,"" — Y2

W3 1o (LY, L(YY) < E 2o
€ )

and
k

> sup |V -V
i—1 t€[0,7]

W3 | (057, L(Y)¥F) < E
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Thus, follows by . Similarly follows by . U

Example 13 (Convolution interaction). In relation to a principal-agent problem of mean-field type, Hu
et al. [25]] investigated the case of the genemtor Ft(y, z ,u) = @ x u(y) for some function ¢ : R™ — R™,
where the convolution ¢ * 1 is defined as ¢ * p(x me x—vy)du(y). This case falls within the scope
of PToposztzon (with F(t,y,z,a) = a and f(y v,z)=ely—1)), and C'orollary. additionally gives
a sharp convergence rate.

2.5. Finite dimensional approximation of parabolic PDEs on the Wasserstein space. In this
subsection, we assume that I does not depend on (t,w). Given four functions B : R¢ x Pg(Rd) — R4,
0 : RE x Py(RY) — R G : R x Py(RY) — R™ and F : R x R™ x R™%4 x Py(RY) x Po(R™) — R™,
we consider the PDE

oV (t,x,p) + Bz, u)a V(tvx,u) + 5tr(0eaV (¢, m, p)alx, 1))

+F(x,V(t,z,pu), o' (x, )0,V (t,x, 1), p,v)

+ Joa 0.V (2, 1) (y ) (y,u)du +fRd Str (9,0,V (¢, @, 1) (y)aly, p) du(y) =0
V(T,z,p) = G(z, )

(17)

with (t,z, u) € [0,T) x R x Po(R?), a := go’, and v the law of V (¢, &, 1) when £(€) = p. The derivative

0,V (t,x, 1)(y)

denotes the so-called Wasserstein derivative (also called L-derivative) of the function V' in the direction of
the probability measure p, see e.g. [2;37] or [12, Chapter 5] for details. The goal of this section is to show
that the solution V of the PDE (7)), written on the infinite dimensional space [0, 7] x R? x Py (R?) can be
approximated by a sequence of solutions of PDEs written on the finite dimensional space [0, 7] x (R?)™.
More precisely, we will be interested in the system of PDEs
(18)

Qv (t, ) + B(wi, L™(2)) 05, 0" (t, &) 4 $t1 (0,0, ™" (¢, ®)a(;, L™ (2)))

+F <a:i,vi’"(t,zc),8xivi’”(t,a:),L”(:r)a(a?i,L"(a:)),%Zyzl 5Uj,n(t7m)) =0 with (t,z) € [0,T] x (R)"
VT, z) = G (v, L"(x)), == (21,...,2,) € (RH)"
1=1,...,n

The following condition is copied almost verbatim from [16]. It guarantees the existence of a unique
classical solution V' to .

(PDE) The functions o, B, F' and G satisfy the following:

(PDE1) The function o is bounded, and the functions B, o, F' and G are three times continuously
differentiable in w = (x, y, z) and p, with bounded and Lipschitz-continuous first and second
derivatives (with common bound and Lipschitz constant denoted Lp).

(PDE2) There exist a constant o > 0 and a function ®, : (L?(Q, Fr, P;R™™)2 5 (x,x)
®,(x,X') € Ry continuous at any point (x, x) of the diagonal and such that

/ 2« /12c 2a / 1/2
al6:X) < B [ (14 2 + 2 + I3 ) Ix = X'
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for all x, x € L*(Q, Fr, P;R4™) satisfying £L(x) = L(x'). Moreover, letting h = B, 0, F or
G, it holds

Duh(w, £00) = Ouh(w, L6 < Li(Jw = w/| + Ba(x, X))
Buh(w,x) = Buh(w', X < Lir(Ju = w'| + Bl X))
for all w = (z,y, 2),w = (2',9/,2') and x, X’ € L*(Q, Fr, P;R%™). Furthermore, for every
x € L3(Q, Fr, P;R¥™), the family (9,h(w, x))w is uniformly integrable.
(PDE3) Letting h = B, o, F or G, the mapping v — 9,h(w, p)(v) is Lp-Lipschitz continuous, the
mapping (w,v) — 9,h(w, p)(v) is continuously differentiable at any point (w,v) such that

v is in the support of p, (w,v) — Oy[0,h(w,n)](v) and (w,v) — Oyl[d,h(w, p)](v) are
continuous and it holds

B (1010w, £00) () = 0ulduh v, L) ()]
+ E[10,[0,u(w, L0000 = a0, LI O] < L (oo = w'] + @ax,X) ).

1/2

Under the condition (PDE), we then have the announced convergence of v%" to V. More precisely, we
have:

Theorem 14. Assume that F' does not depend on (t,w) and that the condition (PDE) is satisfied. Then
the sequence (v5™),, converges to V in the sense that for every i.i.d. sequence (&)icn in LF(Q, Fi, P;RY)
for some k > 4 and every p € Po(RY) with L(&1) = p, it holds that

(19) E| sup ' (t&, &) = V&, w)P| < Crprgen
te[0,7)

where €y, 1s defined as

n=1/2, if d < 4,
(20) en = n2log(n), ifd=4,
n=2/d, ifd>4

and Cr,. T s a constant depending on Lp, T and E[|&|¥].
Moreover, for every n € N and every t € [0,T)] it holds that

(2]—) E |:|vi’n(t7 51) v 7571) - V(tv gia Ln(é))|2] < CLF,T(gn + TTL,d,k,Q)
with & := (&1,...,&n), where Cr, v depends on the Lipschitz constant Ly of B, F and G and on T, and
Tn,dk2 45 defined by .

3. PROOFS

In this final section we give detailed proofs of the results presented above. We start by justifying
well-posedness of and . For simplicity of notation, we will put

Zi,n — Zi,i,n

whenever this does not cause confusions.
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Proof of Remark[]l By [12, Theorem 4.23], the equation admits a unique solution (Y, Z) solution in
the space S?(R™) x H2(R™*?), where we use the notation: for each integer k > 1,

SY(RF) .= {YGHO(Rk) E sup |Yt|2<+oo} and H2(RF) := {ZGHO (RF) ‘E/ | Z,| dt<+oo}
0<t<T

with H°(R¥) being the space of all R¥-valued progressively measurable processes.
Moreover, we can apply [19, Theorem 2.1] to the system to justify the existence and uniqueness
of a solution. To that end, it helps to write it in the more compact form

T T
(22) Yt:G+/ Fu(Yu,Zu)du—/ Z, AW,
t t

where G(w) := (G (w!),...,G"(W")), w:= (w!,...,w"),
Y = (Y'"")iz1,.. s Zon = (ZBhn L Zhmm), W = (Wiz1,.n
Z := diag(Z*");—1, n and F : [0, 7] x Q" x (R™)? x (R™*4)" — (R™)" is defined by
F(t,w,y,2) = (F(w'y", 2", L"(Y)))i=1,..n

fort € [0, 7],y = (v*,...,y") € R™", z = (z',...,2") € R™)" and w := (w!,...,w") € O". Now
it suffices to check that the function F is (8L p)-Lipschitz continuous (the Lipschitz constant does not
depend on n). We do this for the reader’s convenience. For every t € [0,T],y,,y, € (R™)", 21,29 €
(Rm*d)7 it holds that

n

‘F(tvyla zl) - F(t7y27 22)|2 = Z ‘Ft(yl; Zl 7Ln(y1)) - Ft(yé7 2;7i7 Ln(yQ))|2

=1
" . . . 2
<L (Igh = vl + 24" — 24|+ Wy (L v,)))
=1
" ) A . 2
< Le Y (k= bl + o4 — ']+ Wl v)))
=1
<4Lp Z i — wbl? + |2y Z vl — 3

=1
<8Lp (‘yl — yol® + |21 — z2]2) .

To derive these inequalities, we successively used assumption (Lip,), the fact that W, (u, v) < Wa(u, v)
for any p € [1, 2], and the fact that Wh, for two n-sample empirical distributions L™ (y;), L™ (y,) is given
by

1/2
Wa(L"(y1), L"(y2)) —mm< Z\yl —y2\2> ,

where the minimum is over permutations o of {1,...,n}, see e.g. [9, Lemma 5.1.7]. O
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3.1. Proofs for Subsection We begin with two moment estimates for the solution of the McKean-
Vlasov BSDE. Given a square integrable progressive process ¢, we will denote by

t 1 t
eula W= e [ =3 [ laufan)

the stochastic exponential of ¢, and for every measure 1 € P,(R™), we let
M0 = [ b

be the p’-moment of .

Lemma 15. Let k > 2. Assume E[|G|¥] < 0o and that F satisfies (Lipy) for some p € [1,2]. Then, for
all >0, if =2 or q < k, the solution (Y, Z) of satisfies

sup E[|Y;]9] < oo.
t

Proof. If ¢ = 2, there is nothing to prove because the result follows from Remark Let us assume
q < k. Since F'is Lipschitz continuous in the z-variable, it is almost everywhere differentiable. Thus, it
follows from the mean-value theorem that

T T
Y, =G+ / <Fu(Yu, Zus L(Ya)) — Fy(Yu, 0, L(Yy)) + Fu(Ya, 0, £(Yu))> du — / Z AW,
t t
T 1 T
=G+ / ( / azFu(Yu,AZujﬁ(Yu»dAZu+Fu<Yu,0,£<Yu)>) du — / Zy AWy
t 0 t

_ [G+ /tT Fu(Yu,0.£(Y,)) du | ft]

where we used Girsanov’s theorem, with @ being the probability measure with density d@Q/dP :=
Eor(y-W) and

1
o = / 0. Fu (Y A, £(Y,)) dA.
0
Hence, using the linear growth of F' we obtain
T
Yi¢ < CrpqEo [qu +/ (14 vt + a2 (2(2)) ) du | }"t}
¢

for a constant C'r 4 depending only on k and F. Thus, by Gronwall’s inequality we have

|G|9+ sup My(L(Y )?+T|F
u€[0,T]

Vi|? < e“Fral Opy g Eq

(k—q)/k [k
< Okl Cpy B [gt,T(’Y WM E=a) | t} T [‘G’k | ft}q
+ Cppg(T + sup Ma(L(Yy)"?).
u€[0,T]

Note that, since v is a bounded process, the random variable & 7(v - W) has moments of all orders.
Furthermore, sup,,cf, ) M2(L(Yy)) < cosince Y € S?(R™), see Remark Therefore, taking expectation
on both sides and applying again Holder’s inequality concludes the argument. ([l
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Lemma 16. Let k > 3. Assume that E[|G|F'] < oo for some k' > 2k and that F satisfies (Lip,) for some
p € [1,2]. Assume that the solution (Y,Z) of is such that sup, E[|Z;|**] < co. Let 0 <t; <ta <T
be such that to —t1 < 1. Then we have

(1) E[|Y: — YslF|Ys — Y, |*] < Ot — 7|2 for some C >0 and for allt; <r < s <t <y,

(ii) E[|Y; — Ys|¥] < C|t — s| for some C >0 and for every t; < s <t < ts.

Proof. Let us start with the proof of (i). A direct estimation and repeated applications of Holder’s
inequality yield

B ||Yi - Yol - Vi ]

< 9225 _ (=14 _ (- p [/ | Fu(Ya, Zu, L(Y, ]kdu/ | Fu(Yu, Zuy £Y) | du

/ Zy AW,

k
/|F (Yo, Zy, L(Y)|F du / Zoy AW,

k]
s 1/2 ¢ 2k 1/2
/ Zy, AW, / Zy dW,, ] .

Now, recall that by Lemma it holds sup;cpo 7 E[lY;**] < oo, supyepo, ] M2(L(Y;)) < oo and by
assumption, that sup, F[|Z;|?*] < co. Thus, by the linear growth condition on F and Burkholder-Davis-
Gundy inequality, we have

B (Y - Yol - Y ]

+ 2%_2(5 — r)(k_l)E

/ |Fy (Y, Zuy LOY))[F du

+ 22k—2( )(k 1

2k
+2%2p

T
<L PR | [ (14 P P M) dl
0
11/2

s 1/2
+ 2% Lp(t —r)*VE U <1+\Yu|2k+|Zu|2k+M22k(£( ] E[(/ |Z. |2du>

([1e)

11/2

t 1/2
+ 2% Lt —r)VE U (1 + |Vl 4 | Zu)?F + M2F(L(Y,, } E

(fraee)]"e[( o)

< 226 Cpp(t —r) 26D 4 228G (t — r)F D (s — 1) 4 22RO (b — )Y (1 — 5)R Y
1/2
+ CF,T22k |:(S o T)k_l(t o S)k—l}

< CF,T(t — T)k_l.
Since k> 3 and t — r < 1, we can conclude from the above that

E (1Y = Y'Y, = Yil*| < Crplt = 1P,

1/2 1/2

+22k‘E
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where Cj, 7 r is a constant depending on k, T, Ly and the 2k moments of Y and Z. This proves the
first claim.
Let us turn to the proof of the second claim, which is similar (and simpler). In fact, arguing as above

we get,
t
/ Zy dWy,
S

t
<290 VE | [ IR Zu ) o] + 2B

k
+

k

t
E [\Yt - Ys\ﬂ < ok-1p / Fu(Ya, Zu, L(Ya)) du

</: |Zu\2du>k/2]

<K Lp(t —s) V) 4 2k Ot — ) *F V2 < Crplt — s,

where we used the facts that t — s <1 and k > 3.
In the case that F'is bounded in z the argument is exactly the same. Since the terms |Z;|** will not
appear in the estimates we can conclude without assumptions on the moments of Z. O

|2k

Next, we will adapt to BSDEs a well-known coupling technique that will allow to use some known
quantitative bounds for i.i.d. samples in our interacting particles case. This coupling technique, which
probably originated from the work of Sznitman [44], is by now standard in SDE theory, see e.g. [18;
11] for recent references. Hence, let (Y,Z) be the solution of the McKean-Vlasov BSDE (2). Let
(}71, ZYh, ...y, Z”) be i.i.d. copies of (Y, Z) such that for each 1, (Y, Z’) solves the equation

T T
(23) V-G [ Rz e du— [ Zaw,
t t
Such copies can be found because the McKean-Vlasov BSDE has a unique solution, and thus we have
uniqueness in law. We let Y = (Y1 ... Y™).

Lemma 17. Let p € [0,1]. Assume that E[|G'|?] < co and that F satisfies (Lip,). Then it holds that
(24) Wo(L™(Y4), L(Y2)) < exp(Te“* YW, (L™(Y4), L(V;)) P-a.s.

for all (t,n) € [0,T] x N.

Proof. Let i € {1,...,n} be fixed. It follows by the mean-value theorem that

. T ~ . ~ . . . n T ~ . . . .
Vv = [ RV 2 £00) - R 2 )] du =3 [ (67 - Zin) aw
t . t
7j=1
T . . 1 . .. ~ . .. ~ . ..
= [ et s [ omivin zin Az - 2, L) anZ, - 25| du
t 0

n T ~ . .. .
-2 / (%‘ZQ - Zfﬂ’") aw;)
j=17"

with 6;; = 1 if i = j and &;; = 0 otherwise, af, := F, (Y}, Zi, L(Y,))) — Fu(Yu™, Z, L(Y,)) and B :=
F (Yo", 2" L(Yy)—Fu (Y™, Zy"", L™ (Y,,)). Note that since F' is Lipschitz continuous, the derivative
0. F can be defined almost everywhere, and is bounded. Thus, the density process

1
Eo(v-W') with ‘:/ OB (Y, Z" + N2y, — 27), £(Ya)) dA
0
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defines an equivalent probability measure ). Due to Girsanov’s theorem and square integrability of
ZHh™ and Z*, taking the expectation above with respect to @) yields

(25) vevin =g | [ (et gl 7).
t
Again by Lipschitz continuity of F', it holds that
bl 181 < L (19 = Y| + Wl L"(Ya). L(Ya)))
so that by Gronwall’s inequality, we have

’ T
7, — Vi) < b T Eg { [ ezt £y au | ftn] |

Hence, using the definition of the pth—Wasserstein distance, we obtain the estimate

W, (L™(Ye), L™ (Y4)) ( Z\Y’ YZP’> <elrTEg [/TWP(L”(YU),ﬁ(Yu))du\f?.
0

Now, combine this with the trlangle inequality to obtain
Wh(L™(Y4), L(Y2)) < Wy(L™ (Y1), L"(Y 1)) + Wy(L" (Y1), L(Y))

T
(26) < et Eq [/O Wp(L"(Yu), £(Ya)) du | f?} +Wp(L™(Y0), L(Y)).

Applying again Gronwall’s inequality yields the desired result. O

With the proofs of the above lemmas aside, we are ready to prove quantitative estimations for the
convergence of the empirical measure of Y; to the law £(Y;) of the McKean-Vlasov BSDE.

Proof of Theorem[9 and Proposition[5. The proofs begin with Lemma In fact this lemma implies
that

27) B [WE(LM(YY), L(V1)] < exp(Te"rT)E [wg(L”(?t),c(m)} for all (t,n) € [0,7] x N.

Since E[|G!¥] < co with k > p, we have by Lemmathat supyepo,r] £[[Y2]?] < oo for g € (p, k). Thus,
it follows by [20, Theorem 1] that

E [Wg(Ln(?t)aE(Yt))} < CTnmyep

for a constant C depending on Ly, T, m,p and k. Therefore, the estimate is obtained due to .
To get the estimate @, let 0 =ty <t; <--- <ty =T be a partition of [0,7] in N intervals of
length t;11 —t; <1 (if T < 1 we simply take N = 1). Considering the decomposition

N-1
WE(LM (Y1), £(¥i)) = WH(L" (Vo). £Yo)) Loy (8) + 3 WL (Y1), £(Yi)) Ly, (8) for all £ € 0,7,
j=0
we have
N-1
(28) B[ sup WHL (Y0, £00)] < SB[ sup WH(L(Y), £(%))] -
te[0,7) =0 te[t) tir1]

From Lemma [I7] we have
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E| sup WE(L™(Y:),L(Y:))| < exp(pTe™r")E
te[tj,tj+1}

sup Wg(L”(Yt), L(Y?))

teft; tj+1l

forallneN, j < N-1.

Since p € [1,2], it follows by Jensen’s inequality and the inequality W, < W, that for all n € N,

2/p

(29) E| sup WE(L™(Y),L(Yy)| <er'E

teft; ity

Since tj41 —t; < 1, Lemma |16| applies, in view of which it follows from Lemma (15| and [24, Theorem
1.3] that

sup Wi (L™(Yy), L(Y7))

teft; tj+al

Bl sup WH(LM(Y1), £(W)] < Coppmn™ 9.

telt; tj+1l

Therefore, we deduce from and that

E|: sup Wg(Ln(Yt),E(n))} < NepLFTCG7F7k7mn—p/(m+8).
t€[0,T]

This concludes the proof, since N can be chosen less than T + 1. ]

Proof of Remark [l The proof is the same as that of the estimate with application of [24, Theorem
1.2] instead of [20), Theorem 1]. O

3.2. Proof of Theorem [7} The proofs of Theorem [7] and Proposition [IT] partially rely on functional
inequalities that we now recall for the reader’s convenience. See however [45, Chapters 21 & 22] for
further details.

Let W, 5 denote the Wasserstein distance of order 2 with respect to a distance 6 on a Polish space
E. A probability measure p € P(E) is said to satisfy Talagrand’s T5 inequality with constant C' if

Was(p,v) < /CH(v|pu) for every probability measure v,
where H is the Kullback-Leibler divergence defined as

flog(g—l’:)du, if v<p
400, otherwise,

H(v|) = {

with the convention E[X] := oo whenever E[X ] = co. Below, we will exploit the efficiency of Tala-
grand’s inequality in deriving concentration inequalities, but also the fact that it implies other functional
inequalities, notably the T inequality

Wi s(p,v) < /CH(v|p) for every probability measure v,

and Poincaré’s inequality
Var(f) < C [ (V4P d
E

for every (weakly) differentiable function f : E — R and where Var(f) is the variance with respect to
the probability measure pu.
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Proof of Theorem[7. The proof of the first concentration bound also uses Lemma[I7} For simplicity, let
Crr = exp(TelrT) denote the constant factor appearing in the right hand side of . It follows by

that
P (Wy(L" (Y1), £(Y)) > 2) < P (Wy(L" (Y1), £(Y0)) = ¢/Crr) .

Fix k > 2p such that E[|G|*] < oo, let q € (2p, k). By Lemma we have E[|Y;]?] < oo and thus we
can apply [20, Theorem 2], to obtain the inequality

P (Wp(Ln<Yt>7 ‘C(E)) Z 8F,T> S C(anyaF,T]‘{EF,TS]-} + bTL,SFyT)?

where e = ¢/Cp . This concludes the proof of .

As for the proof of , consider the representation of the system given in on the probability
space (2", F™ P). Since G" is Lipschitz continuous for each i, it is easily checked that the random
variable G is again Lg-Lipschitz continuous. In fact, given w, 8 € ", we have

n

G(w) = G(O))° =) |G (W) = G0 < La Yy |lw' — 6" = Lallw — 6]1%,
=1 i=1

where for every w € 0, [|w||oo = supieory (Diey \wi(t)lz)lﬂ. Similarly, one shows that the function
F is Lp-Lipschitz continuous. In particular, the Lipschitz constants of F and G do not depend on n.
By [3l Theorem 1.2], the law of Y satisfies Talagrand’s T»-inequality with the constant

CF,G’,T = 2(LG + TLF)ZezTLF.

Thus, it follows by [23 Theorem 1.3] that there is a constant C' > 0 such that for every 1-Lipschitz
continuous functions f : C([0,T],R™)" — R we have
P(f(Y) - E[f(Y)] > ¢) <e =€,

The function w := (w',...w") = /AWy .. (L"(w), L(Y)) is 1-Lipschitz continuous on Q". Thus, we
have

30) P (Wa oo (1 (Y), £(Y)) = BV oo (I (Y), L(Y)] 2 €) < 7,
from which we deduce .

Lastly, we turn to the proof of @[} If F' does not depend on z, we do not need the change of measure
to get . In fact, a direct estimation yields

Y-V =FE [/ (Fu(YJ,E(YU)) — Fu(Yg’”,L"(Yu))> du | .F[L] .
t
By Lipschitz continuity of F' and Gronwall’s inequality we have

oy . T 2
(31) T -y < @] [ (r), £ du | 7]
t
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Thus, it follows by triangle inequality and definition of Wasserstein distance with respect to the supre-
mum norm that

W3 1 (L (YY), LY)) < W3 (L7 (Y), L(Y)) + Wy ) (L"(Y), £(Y)

< sup —Z|Yt Zv”’Q+W227H.HOO(L"(Y),£(Y))
tefo,7) 1

< s e | / Wa(L"(Y.0), (V) du | 2|+ W3 (LM (0), £(V))
where the last inequality follows from . Hence, it follows by Doob’s maximal inequality that
B[WE ) (L"(Y), £(V))] < &THrTE| /0 ' WE(L"(Ya), £(Ya)) du| + E[WE_(L"(Y), £(V)]
< Crumpa + B[ Wiy (E"(¥), £V))]
for some ¢ € (p, k) where the last inequality follows by Fubini’s theorem and Theorem [2l Since Y =

(Y1,...,Y"™), areii.d., it holds E {WQQ H~||oo(Ln(Y)’ ﬁ(Y))] — 0 as n goes to infinity. Thus, there is and
integer ng large enough such that for all n > ny we have E [)/\/22 oo (L™(Y), L'(Y))} < Crpym,k2- Hence,

we have
(32) E[W;H,Hm(Ln(Y),.C(Y)ﬂ < Cromiz
for n > ng. Now, by , it holds that
P (Wa 1 (LM(Y), L(Y)) > ¢)
< P (W o (L (Y), £(Y)) = By (E"(Y), £(V))] = 2/2) + P (B[ Wy .. (L"(Y), £(V))| = £/2)
< e O P (B[Way (K1), £())] 2 /2).
In view of and the fact that ry, ,, 1, J 0 as n goes to infinity, we can choose ng > g large enough
such that for all n > ng
P (B[ W (L"(¥), £0))| = £/2) =0,
This concludes the proof of @ ]

3.3. Proofs for Subsection We begin with the proof of Theorem [§ As we will see below, this
result is obtained as a consequence of Theorem

Proof of Theorem[8 Since Y™ and Y'! satisfy and respectively, we have

T
yin vyl —p [ [ R 2 ) = R 2L £00) du ft"]
t

so that by Lipschitz continuity of F'; and Gronwall’s inequality it holds

T
Y -V < b TR [ / Lp (Wa(L™(Yu), £(Ya)) + |2, = Z,]) du | fz”} :

t
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Therefore, it follows by Doob’s maximal inequality that

T 2
E| sup |[V;"" = V}?| < L3P E | sup E U (Wa(L™(Yu), L(Ya)) +12," = Z,]) du | ft”]
te[0,7) te[0,7 0
T 2
< LieArTp ( /0 (Wa(L™(Yu), L(Yy)) + | Z™ — Z,)) du> ]
T T
(33) < 202 TePrT ( /0 E W3 (L"(Yu), £L(Yy))] du+ E [ /0 |zl — 712 duD .

On the other hand, applying It6’s formula to the process |Ytln - Y;l\Q, we have

‘Yl ,n }/;1 2 _ _22/ YlTL o Zl,jn 51]Z;)dWé]

— Z/ (Zbim — 5,720z — sy, 2 awi W

Jil=1
o [ ) (R 25 )~ RV 2, £ )
t
By Lipschitz continuity of F' we then have

v, — YJMZ/ (zbim — 5,720 (ZB — 5,2 awi W
7,l=1

N R
T

2 / LelVIn =28 = Zhds+2 [ Loyl = Y2 Pas

T

+2/ Lp|Y — YIWo(L™(Y), £(Y)) ds
. L

< 22/ Yln_ len 61stl)dWsj+/ F]Z“” Z;\st

t

T T
(34) +/ (3a+ Lp)|Y}" — Ysllzder/ LrWa(L™(Y,), L(Y]))) ds,
t t

where the last inequality follows by Young’s inequality with some constant a > 0. Choosing o = Lp+1,
we obtain

T T
W< B | [ @ Laneyn - viPas s [ Lendan ). 0y ds | 7]
so that by Gronwall’s inequality we have that

T
(35) V1" -V < G ERILeT [ [ rews @t £vhyyau | f‘"} .
t
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Now, integrating on both sides yields

T
E[nf“—}fv}géﬁinfE[/'LFm%UWoaxcaﬁ»du
0

(36) < WHLR)LET], /0 TE (W3 (L™(Y.), L(Y,))] du
from which we derive, due to Theorem [2| that

(37) E [|Y;1’” - Ytﬂ < eUHLDLET Lo Gy o

with ¢ € (2, k).

To get the convergence estimate for the control processes Z", notice that by (with the choice
a = Lp+1), we have

T T T
E [/ \zln — 712 du] <(Lr+1)E [(4 + LF)LF/ [vbr — vH2 du + LF/ W2 (L™(Y.), L(Y;)) du
0 0 0

T
<(@e+)((+LoLe [ B[YVI" - YIP] du
0

T
(38) + LF/ E W3(L"(Y), £(Y,))] du).
0
Now combine this with the inequalities , and Theorem [2| to conclude. ]

We now turn to the particular case of systems with linear interaction. Unlike Theorem (8| the proof
of Proposition [11| does not follow from the convergence of the empirical measure of Y, but by a direct
argument which seems tailor-made for “linear interaction functions”. Before presenting the proof, let
us justify the well-posedness of the system.

Proof of Remark[I0. The existence and uniqueness of square integrable solutions follows, as in the non-
linear interaction case, from [19] for the system and [12, Theorem 4.23] for the McKean-Vlasov
BSDE . It suffices to show that the generators are Lipschitz continuous (with Lipschitz constant
independent of n). We give only the argument for the McKean-Vlasov equation. Let y,y’ € R™,
2,2 € R™*d and p, p' € P(R™). By (Lip) we have

|F(yaza:u) - F(y/7z/nu/)| < LF<’y - y/| + |Z - Z,‘ + | /Rm f(y,a,z) [L(d(l) - R f(y',a, Z,) ”,(da”)
<te(ly=o1+ =21+ Ly | [ stz - [ L))
| fa)ida) = | f@ a2 i (da)] )
R™ R™

< Le(ly—of |+ 12— 1+ LWGus) + Ly [ (=1 +12 = ) o)
Rm
<max(Lp, LiLy, Lp) (Jy = /| + |2 = 2/ + Walp, 1))

To derive the penultimate inequality, we used Kantorovich-Rubinstein duality formula. ]
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Proof of Proposition [I1]. It follows by application of Itd’s formula that

v - Y”+Z/ (Z1m = 61,21 (22 — 5y 2w, Wy, <
7,l=1

n T T n
. , 1 .
—2) / (V" = Y20 = 01,2, dW +2 / =¥ | BV 20 S 3 vl i 2

j=1
(v 2, / PV 2 420 0)) ) du
A T q T
22/ (yhr —yhy(zbin 51jZ;)dW5+LF/ a|Zi’”—Z;|2du+Lp/ (2a + 2|1 — V12 du
t t
(39)
2
T 1 . 1 j 1 1 1 1
tLe [ LD pinyin ) - [ e 2D derh)| du
t « njzl Rm

where the last inequality follows by Young’s inequality with some constant o > 0. Let us analyze the
last term above. It follows by triangle inequality that

lz (Vo v, 28 = | Ryl 28 dev ()
n = R™

2

1 — . ,
< 2|3 (VI VIR 2L — fu (Vi Vi 25

Jj=1
n 2 n 2
1 ; 1
4| (Y 207 = YL Ze) | 8] (fuV Y 20" = fu(Y Y 2))
. <
n 2
1
1 e A
< Lp (20" = Vi P 481207 = ZuP ALy Y IV - Y
j=1
2
8 n
PSSty - [ etz aceh)

=1
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Coming back to , this allows to obtain, after taking conditional expectation with respect to the
sigma algebra F}*,

T
VY4B [ | 1z -zipas | 7
t

T
2L 8L¢+ L
<[ [ {@earn+ Zhmin—vip s B g 2ph ) 7]
t

ALy 1 [T in 2
+-F ﬁz t YIm —YI[2du | FP
| =l

8 T| n ) 2
bosB | [ Rz - [ e zhach)| | du) 7
an t jZl Rm™
Choose a = 8Ly + Lr + 1. Then, we have
T
vt -y | [ 122 - zipas | 77|
t
T
< aF [/ {(LF(2a+2)+1)|YJ’”—YJ|2}du|]—“t”}
t
1< T . -
ALE | = yin _yiz2q
carep | 230 [ = viP | 77
7=1
2
8 T'& ,
(10) eae| [ S| aodvizh - [ s zhicwdo)|| al
t R™

=1

Since E[|Y,"" — Y12 = E[|Y{" — Y{|?] for all j we can apply Gronwall’s inequality to get

2

n Crr RS ; n
v Yfr?sn’Q’fE/o > fu<YJ,YJ,Zi)/R FulYid 9, Z0) ALYV () || du | F

Jj=1
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for a constant Cr r; depending only on T',L; and Lr. Now, denoting by f* the ¢ component of f
and using that Y,/ and Y,/ have the same law we deduce that

2
T| n
E[ml’"—m,z}g%;fE/o Z{quul,Yg, /fu 1y, Zhd (yul)(y)} du
B[S S (R - [ vt zhaco o)

—1
CTFf/
(=1 j,k=1 R
2]

<(rwdvizh - [ vy zhacrh)
C
E
C

TFf/ ZE Var(fu(Y,), Y{, 20))] du.
The equality before the last one follows from the fact that Y, j = 1,...,n are ii.e. for all t. Since
the law L(Y,!) of Y;! satisfies Talagrand’s T5 inequality with a constant C s r which depends only on
the Lipschitz constants of F, f and G and of T' (and which does not depend on the dimensions) (see [3,
Theorem 1.3]) it follows e.g. by [45, Theorem 22.17] (see also [40, Section 7]) that L(Y,!) satisfies the
Poincaré inequality with the same constant. That is, it holds that

.

[y

du

(Y1 YE. Z) /fu 1y, ZY) ALY, (y)

Var(fu(x,Yu ,2)) < CF,f,G,T/ 10y fu(z, y,z)]2 dﬁ(Yj)(y) for all z, z fixed.
Rnl

Since f is Lipschitz continuous, L? is an upper bound for the integral in the right hand side above
(uniformly in x, z). Therefore, we have

n . c (T . ,
B[t -vif] <5 [ | [ oaoia zPacod)m) a
j=1

C
Si
n

for some constant C' depending on T', Ly Ly and the Lipschitz constant of G.
Now, showing that E|[ fOT |Z&” — Z}|? du] < C/n follows by (40). In fact, that inequality implies

T T
E U \ZSL”—Z;Pds} g/ CE Y, " —Y]?] ds
0 0

2

+:2E/ quylnw zhm) — /fu WY Z) AL(Y)(y)| ds

We have just seen that, up to the factor CT' (for some constant C' > 0), the first term is smaller than
the second one, which in turn is less than C'/n for some constant C' > 0. This completes the proof. [
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3.4. Proof of Theorem The main argument for the proof is the probabilistic representation of
parabolic PDEs on the Wasserstein space given in [16]. This representation links the PDE to the
(decoupled) McKean Vlasov FBSDE

(@) {Xﬁ’f =&+ [T B(XES, L(XEY) du + [P o(XES, £(XEY)) aw}

Vit = G(X5E, LX) + [T F(XGE, Y, 200 L(X00), LOY®)) du — [ Z5 dW,.

In preparation for the proof of Theorem let us first show the following Lipschitz-type property for
the solution of .

Lemma 18. If the functions B, F and G are Lp Lipschitz continuous, then there is a constant C
depending only on Ly and T such that

E [|Yf’£ _ Y'tt»f/

| < CE[l- ¢
for every square integrable and Fi-measurable random variables &, €.

Proof. This follows by standard arguments, thus we give only the main steps of the proof. Firstly, apply
Ito’s formula to [Y&* — Y& |2, s € [t,T] and then using Lipschitz continuity of G and F and Young’s
inequality to obtain

2

T
BV = V) P < LeBXGE - X P+ WHE(XE), LX) + (5Lr + DE| / Vit — Ve
IXGE = X2 W(L(XE0), LX) + WRL(YES), £(VE))]

Since we have W%(C(ijg),[,(ijgl)) < E[|XL* - XZ’£I|2] and a similar inequality for Y*¢ and Y*¢',
applying Gronwall’s inequality yields (with Ly :=5Lp + 1)

(42) BV — Y < BT Ep(1+ T)B| sup |X0€— X5 P].
w€(0,T]

Next, we can estimate |ijg — Xfﬁ/ |2 using Lipschitz continuity of b and o and Burkholder-Davis-Gundy
inequality to obtain

T
B[ sup X}~ XU P] < E[le - P +C [ X0 - XU P WHL(XL), LX) du
u€[0,T] 0
where C' is a constant depending only on Lp and the universal constant in Burkholder-Davis-Gundy
inequality. Thus, applying Gronwall’s inequality yields
B[ sup [Xif - XL < eCTE|lg - €7
u€el[0,T

Combine this with to conclude. OJ

Proof of Theorem[1]]. First note that the PDE admits a (classical) solution. Assumption (PDE1)
says that B is differentiable on Ps (]Rd). Thus, it follows by [12, Proposition 5.35] that, for every = € R,
the projection of B on R? x (RY)™ given by (z,x) — B(x,x) := B(x, L™(x)) is again differentiable, with

(43) 0., B(-x) = %auB(.,L”(m))(wi), i=1,....n.
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One similarly shows that the respective projections o, F and G of g, F' and G on finite dimensional
spaces (with appropriate dimensions) are three times differentiable, and by the identity the deriva-
tives of first and second order are bounded by Lg. In particular, the bound does not depend on n. There-
fore, it follows from [42, Theorem 3.2] that the PDE admits a solution v*" : [0, 7] x (RH)"™ — R™
with the probabilistic representation

Vi (s, XEmber o xmntan) — yinb® o for all s >, (t,x) € [0,T] x (RY",
where (Xbntei yinte zintey, | g solves the decoupled FBSDE
XIS B LX) du [ o (XM, (X)) W,
Y = G LXGS)) + [T P vtz D XGE), LYY E®)) du

.y
— [, Zg™N aw,
1=1,...,n

(44)

with Xb® = (X0 X ) and YE% = (Y™ V™) In particular vi"(t, @) =
Yf"”c Naturally, it follows by standard SDE and BSDE theories (see e.g. [41]) that the system
is well-posed, since by (PDE1) and the identity , the functions B, o and F are Lipschitz continuous
(recall they are defined on finite dimensional spaces).

On the other hand, the PDE ((17)) is connected to the decoupled McKean-Vlasov FBSDE (41)) whose
solution is the triple (X*¢, Y*&, Z68), with ¢ € L2(Q, F, P;R?) fixed. Since B is differentiable on
Po(RY), it follows by definition of 8, B that for every u, i’ € P2(R?), one has

1
Ba.w) = Blapl) = [ [ 0,8 Nt (1= i) = )i

Since y — 0, B(x, t)(y) is Lp-Lipschitz continuous, it follows by Kantorovich-Rubinstein formula that

1
Bloap) = Bl < [ LeWr(o ) dX = LiWa(o ).
0

That is, B is Lipschitz continuous. One similarly shows that the functions o, F' and G are Lipschitz
continuous on their respective domain. Thus, the equation (41]) is well-posed, see e.g. [44] and [12].

By the assumption (PDE) and Lemma we can apply [16, Proposition 5.2], to obtain that the
PDE is well-posed and that its solution V satisfies

Vs, X5, L(XEE)) = Vie

forall 0 <t < s < T and & € L3(Q, F, P;R?). In particular, V(¢,&, 1) = Yf’g for all (¢,&,p) €
[0,T] x L?(Q, F;, P;RY) x Po(R?Y) with £(€) = p.

Let &, i =1,...,n, be ii.d. random variables in L?(Q, F;, P;R?) with common law x and denote
&:=(&,...,&,). Then we have

(45) Bl sup oM (11, &) = VIt &L LED)P] = B] sup [ -y,
t€[0,7T) t€[0,T

To conclude, it remains to estimate the convergence rate of the right hand side of . This can be done
as in the proof of Theorem [8} The only difference here being that the generator and terminal condition
of the n-particle system “depends on (z,n)” through the processes X imt&i and their empirical measure.
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But thanks to the Lipschitz continuity property of F' and G (proved above) this does not cause much
problems. One can follow the estimations in the proofs of Lemma[I7] and Theorem 8] adding the terms

= [XE — XEOP and = WHLP(XES), £(XE),

In fact, using the arguments leading to Equation , Equation and Equation respectively,
we obtain

T
B[ sup [y} - yHR] < 160 [ (a0 4 WRLN (YL, LOV) ) du
t€[0,T) 0

T
+ /0 |ZLmte - Zhe)2 du] + 2L2GE[552 + nﬂ,

. UYsl,n,t,ﬁ B Yst,gﬂ < @ Le)LET ( Lo E[agk n nﬂ n LFE[ / ' (53 ot WR(LP(YLE), /;(Yj’f))> duD
0

< eWHLRLET (T, L V L) E[ sup 07 + sup 77?}
SG[O,T] SG[O7T]

(46) + E[ /O ' W2(L"(YEE), £(YEE)) duD

and

T T
E[/ |ZLmt€ Zfﬂgdu} < (Lp+1) LGE[ sup 0" + sup ng} +/ (5 +LF)LFE[D/;Wg _yte 2] du
0 s€[0,T7 s€[0,7] 0

el /0 WALV ES), L)) du] ) -

Therefore, there is a constant Cr,,, 7 depending only on Lr and 7' such that
T
(47) B| sup [V vR] < Cppr(B| sup o7+ sup |+ / E[WR(L"(Y5E), £(v[4)] du).
t€[0,T] s€[0,T7] s€[0,T7 0

Moreover, by the theory of (forward) propagation of chaos, see e.g. [13, Theorem 2.12], it holds that

(48) E[ sup J7 4+ sup 77?} < Cey,.
s€[0,T] s€[0,7]

It remains to estimate E [WQZ(L”(YZ’&),[I(Yi’g))]. This is done as follows. We apply It6’s formula to
\Ysz’”’t’g — Y42, This yields, thanks to the Lipschitz continuity of F and G,

T
Y VIR < L Gp )+ L [ (50 4 12000 - 28]+ it - i
S
) 1 .
WL (YE), LD V™4 = Y| = 51256 = 2P du

T
_ / (YJ’"’t’g _ Yjé)(z&mtﬁ _ ijf) dW,,.
S



26 MATHIEU LAURIERE & LUDOVIC TANGPI

Thus, using sucessively Young’s inequality with a constant @ > 0 and Gronwall’s inequality we have
T
Y€ VIR < oo B[ (5 + )+ [ (90 o + WRLM(YES), (7))
S

1 1y,
+ (5 = 5 )12um€ = ZE< P du | 7|

T
< Cupr| sup 8+ swp o+ [ WHLN(YU), L0719 | R
s€[0,T] s€[0,T] 0

where the second inequality follows by choosing o > 1 and for some constant C'r,. r > 0. Since
1o~
WL (Y50, LYE9) < — Y [Yimhe = Vi,
i=1

we obtain by Gronwall’s inequality that

EWH(LM(Y4$), L(VI9)] < CrprE| sup 8%+ sup o
s€[0,T7] s€[0,T]

and it thus follows from and that

E[ sup ]Ytl’n’t’E - Ytt’gﬂ < CrLp,1¢n
t€[0,T]
for some constant Cr,,, 7 > 0. Combining this with leads to .
To prove , let (&1,...,&,) be niid. Fi-measurable, square integrable random variables. It follows
by triangle inequality that

00,61, 60) = V(06 TN < (61, 6) — V(1€ £(E0)] + [V(E € £(60) — V(1€ L))
< ’vi’n(tv 517 s 7§n) - V(ta §i7 £(§1)| + CWQ(E(‘gl)? Ln(g))’

where the second inequality follows by Lipschitz continuity of V given in [16, Proposition 5.2]. Therefore,
we obtain by and [20, Theorem 1] that

E[[v""(t,&, ..., &) = V(& L™ (€)*] < CrLpx (en + Tnak2)-
This concludes the proof. O
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